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Introduction: 
The Geodetic Boundary Value problem has to be solved on the geoid as the boundary; therefore, gravity 
anomalies must be known on the geoid.  If they are not they have to be continued down to the geoid 
from the surface of observation; this Downward Continuation(DC) is probably the most problematic step 
in geoid determination. The DC of gravity anomalies can be done in a harmonic space using the Poisson 
integral equation (Heiskanen and Moritz, 1967), or by analytical formula derived from Taylor series 
development (Moritz, 1980). The latter is not rooted in physics and also becomes divergent if the 
integration point gets close to the computation point (Martinec et al, 1996). The Poisson integral 
equation has to be discretized to get a solution.  The DC problem is physically well posed, but the matrix 
of the resulting linear equations may be poorly conditioned even when the observations are first 
interpolated on a regular grid. 
The most elegant case of Poisson DC would consist of transforming gravity anomalies scattered on 
topography directly down to a regular grid on the geoid. The purpose of our study was to come up with 
a technique for doing this, using Helmert’s gravity anomalies, which are harmonic above the geoid. 
Poisson DC of points on a regular grid, or mean values on elementary cells have been used in the UNB’s 
Stokes-Helmert approach in the past; this time we attempted to downward continue the scattered 
points on topography onto regular grid of points on the geoid. 
Least Square technique (LS) offers itself for the direct DC of scattered Helmert’s gravity anomalies onto a 
regular grid.  The matrix of LS normal equations does not have to be inverted by an iterative algorithm.  
The LS technique can also employ all available gravity data on topography and above and in the vicinity 
of the area of interest. The performance of this technique is investigated in three simple steps: 
Using LST: 

• Step#1: Downward continuation of points on a grid on topography, i.e., in the “capture area”, to 
the equivalent points on a grid on the geoid, “target area”. 

• Step#2: Find the necessary/optimum width of an additional strip around the capture area for 
the DC. 

 Step#3: DC of scattered points from topography to grid points on the geoid. 
 

Step#1: same-size capture and target area  
This step is designed to ensure that LS works correctly; a 1*1 degree cell (3°< λ <4°  ,44°< ϕ <45°) was 
considered as target area on geoid, the same 1 deg2 cell on topography, containing Helmert’s gravity 
anomalies (with 1’*1’ data resolution) was also considered as capture (observation) area on topography.  
Recalling the inverse Poisson solution to be : 

∆𝑔 
𝑔
= 𝐵−1∆𝑔𝑡 

and LS solution to be: 

∆𝑔 
𝑔
= (𝐵′𝐵) 

−1
𝐵′∆𝑔𝑡 

where B matrix is constructed by a planar approximation of Poisson kernel, the solution of these two 
methods are identical. 
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where 𝜑, 𝜆, ℎ is the geodetic coordinate 

center of the computation cell, Δ𝜑, Δ𝜆 denote the size of cell on the geoid, 𝑅 is the mean radius of the 
earth, 𝑥, 𝑦, 𝑟 are the coordinates of the terrain point, and 𝐴 is the area of integration cell. (Goli et al, 
2010) 

  
Figure 1: Helmert gravity anomalies on geoid using LST solution (left); differences between LS solution and 
direct solution (right) 
 

Step#2: Minimum needed strip width around capture area 
As clearly can be seen from the left picture of Fig.1 the largest values of LS solution are encountered 
along the borders of 1 deg2 cell. This behavior is because of the lack of Far Zone (FZ) contribution and 
has been also reported in (Vaníček et al, 1996) and can be removed by considering an additional strip 
around the target area and removing it after the DC. The idea of this step is forming the capture area on 
the Earth surface to be composed of two parts; first an area equivalent to the target area and the 
second consisting of a strip of certain width around target area. The width of this additional strip was 

found based on the method proposed by (Foroughi et al, 2015). In this method a 1°1′ ∗ 1°1′ area is 
considered as the new target area and DC will be done for four 1°*1°  cells around the main target area; 
comparing the DC results of 1’ overlapping between the cells showed 30’ strip border around the target 
area can remove the effect of strange numbers in the solution by LS. 
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Figure 2: 1’  overlapping borders around the target area (left); LS solution  of DC after cutting off the 30’ strip border around target 
area (middle); histogram of  differences along overlapping borders while using 30’ strip border (right) and the table shows the 
statistics of this histogram (mGal) 

 

Min Max Mean RMS Range 

-0.325 0.404 0.0037 0.105 0.73 

Statistics of this differences of Helmert gravity anomaly in overlapping borders between zones (mGal) 
 

Step#3: DC of scattered points from topography to grid points on geoid 
In this step target area is again limited by 3<λ<4, 44<ϕ<45 including 1*1 arc-minute points on geoid and 
in order to include FZ contribution, both target and capture area on topography were extended by 30 
arc-minutes around each side. The capture area this time includes 21129 scattered points (instead of 
1’*1’ mean points) (Fig. 3). 
LS was used to DC of these scattered points to the mean points on a regular grid on the geoid, but the 
results showed thousands of mGal on geoid, which concludes that LS fails to get the correct result for DC 
of scattered points. 
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Figure 3: Scattered Helmert gravity points distribution(left); Topography variations over capture area(middle); Helmert gravity 
anomaly variation over capture area (right) 

 

Step#3-1: different conditions for DC of scattered point using LST 
Due to unpleasant results for DC of scattered Helmert gravity points using LS, different situations similar 
to the scattered system were considered to find the reasons of this failure. The purpose of this step is to 
show how removing points from capture area (consisting of mean points) can affect the values on geoid 
using LS. The same capture area in step#2 was again  considered as observation data, and the results of 
removing 1, 4 and 100 points from the center of capture area can be seen in Fig. 4 (a,b,c) and also the 
results of removing 25 points from the corner of extended capture area is showed in Fig. 4 (d).  
 

  
a b 
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c d 

Figure 4: Effect of removing points from mean Helmert gravity anomalies in capture area on geoid using LST 
 

Conclusions: 
LS was investigated for DC of Helmert gravity anomalies in 1*1 arc-degree cell in Auvergne area. The 
results showed that  

• LS works properly if DC of mean anomalies on raster on topography to a raster on geoid is 
desired 

• LS fails if DC of scattered points on topography to mean points on geoid is desired, possible 
reasons: 

o scarcity of data in the vertical sense  
o 2D distribution of Helmert anomalies (mean points) is much more smoother than 3D 

distribution (scattered points) 
o The condition number of matrix of normal equation is much bigger than (almost square) 

condition number of B matrix. 
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